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Introduction and main theorem

This note is a contribution to the six functor formalism in étale cohomology.
Fix a prime p, and let K be a p-adic field, i.e. a complete discretely valued extension of Qp with
perfect residue field. Let X be any finite type K-scheme. Recall from [8] that there is a well-behaved
category of de Rham Qp -local systems on X, which specializes to Fontaine’s category of de Rham
GK -representations when X = SpecK. This category includes many lisse Qp -sheaves of geometric
origin. In particular, if f : Y → X is any smooth and proper morphism, then each Rn f∗ Qp is a de
Rham Qp -local system.
Now, on the categories Dcb (X, Qp ) for X a finite type K-scheme, we have Grothendieck’s six
operations ⊗, RH om, f ∗ , Rf∗ , Rf! , and Rf ! (see [4], or [2] for a modern treatment). It is natural
to hope for a reasonable triangulated subcategory D?b (X, Qp ) ⊂ Dcb (X, Qp ) containing all de Rham
local systems and stable under the six operations, and minimal with respect to these two properties.
In fact, there is only one reasonable candidate for such a category.
Definition 1.1. An object A ∈ Dcb (X, Qp ) is weakly de Rham if it lies in the thick triangulated subcategory generated by objects of the form i! L, where i : V → X is a locally closed
b
immersion and L is a de Rham Qp -local system on V . We write DwdR
(X, Qp ) ⊂ Dcb (X, Qp )
for the thick triangulated subcategory spanned by weakly de Rham objects. Similarly, we write
PervwdR (X, Qp ) ⊂ Perv(X, Qp ) for the category of weakly de Rham perverse sheaves.
The main result of this note is the following theorem.
b
Theorem 1.2. i. On finite type K-schemes, the subcategories DwdR
(−, Qp ) ⊂ Dcb (−, Qp ) are stable
under the six operations and the perverse truncation functors.
ii. Intermediate extensions of weakly de Rham perverse sheaves are weakly de Rham.
iii. Any perverse subquotient of a weakly de Rham perverse sheaf is weakly de Rham. In particular, PervwdR (X, Qp ) is an abelian Serre subcategory of Perv(X, Qp ).

In short, weakly de Rham complexes on varieties over p-adic fields enjoy the same stabilities as
mixed ℓ-adic complexes on varieties over finite fields.
Since the actual proof of this result is not very long, we content ourselves with a very brief
b
sketch here. The stabilities of DwdR
under f ∗ , ⊗, and j! for j an open immersion are all trivial.
The two essential non-formal results are stability under Rf! , and stability under Verdier duality.
For stability under proper pushfoward, the key input is a remarkable theorem of Liu-Zhu [6], which
says that a Qp -local system on a connected variety is de Rham if its stalk at a single closed point
x is a de Rham GKx -representation. For stability under Verdier duality, we reduce to showing that
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if X is smooth, j : U → X is the complement of a strict normal crossings divisor, and L is a de
Rham Zp -local system on U with L/p trivial, then Rj∗ L[ p1 ] is weakly de Rham. This can be reduced
by induction to the situation where X − U is smooth, and in this case it follows from a result of
Diao-Lan-Liu-Zhu on preservation of the de Rham property under unipotent nearby cycles. The
rest of i. and ii. now follow by formal arguments. For iii., we argue by induction on the dimension
of support. The key observation in the argument is that the unipotent nearby and vanishing cycles
preserve weakly de Rham perverse sheaves, which follows easily from i. and ii.
Conventions. Unless noted otherwise, all schemes are finite type K-schemes. By assumption,
a Qp -local system always contains a Zp -lattice.
Acknowledgments. It’s a pleasure to thank Bhargav Bhatt for many helpful and inspiring
conversations.
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2.1

Proofs
Reduction

In this section, we prove Theorem 1.2. Propositions 2.1 and 2.3 will be proved in the next section.
Proposition 2.1. Suppose that X is smooth, j : U → X is the complement of a strict normal
crossings divisor D, and L is a de Rham Zp -local system on U such that L/pL is trivial. Then
Rj∗ L[ p1 ] is weakly de Rham.
Corollary 2.2. If j : U → X is an open immersion and L is a de Rham Zp -local system on U ,
then Rj∗ L[ 1p ] is weakly de Rham.
b
More generally, if j : U → X is an open immersion and A ∈ DwdR
(U, Qp ) is lisse, then Rj∗ A
is weakly de Rham.
Proof. The second part of the corollary reduces immediately to the first part.
For the first part, we can assume X is reduced. By a standard argument, we can find a proper
hypercover ϵ• : X• → X such that Xn is smooth, Un = U ×X Xn is the complement of an snc
divisor, and L|Un is trivial mod p. Then Rj∗ L[ p1 ] = Rϵ•∗ Rj•∗ ϵ∗U• L[ p1 ] where ϵU• : U• → U is the
evident base change of ϵ• . Then each Rjn∗ ϵ∗U,n L[ p1 ] is weakly de Rham by Proposition 2.1, so each
Rϵn∗ Rjn∗ ϵ∗U,n L[ p1 ] is weakly de Rham by Proposition 2.3 and the properness of ϵn .
b
Proposition 2.3. If f : X → Y is any finite type map, then Rf! preserves DwdR
.

Proof of Theorem 1.2. By Proposition 2.3 and the trivial stabilities mentioned in the introduction,
we already have stability under the operations f ∗ , ⊗, Rf! .
b
Next we establish stability under Verdier duality. Let X and A ∈ DwdR
(X, Qp ) be given, and
let DX = RH om(−, ωX ) be the Verdier duality functor. The result is clear if A is lisse and X is
smooth. For the general case, we can assume X is reduced. Pick a dense open j : U → X with
U smooth and A|U lisse, and let i : Z → X be the closed complement. Dualizing the triangle
j! A|U → A → i∗ A|Z →, we get a triangle
i∗ DZ (A|Z ) → DX (A) → Rj∗ DU (A|U ) → .
By induction on dimension, we can assume i∗ DZ (A|Z ) is weakly de Rham. Now observe that
DU (A|U ) is weakly de Rham and lisse, so then Rj∗ DU (A|U ) is weakly de Rham by Corollary 2.2.
Stability under Verdier duality now follows.
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The stabilities under the remaining six operations now follow from the results proved so far, by
the habitual formulas Rf∗ = D ◦ Rf! ◦ D, Rf ! = D ◦ f ∗ ◦ D, and RH om(A, B) = D(A ⊗ D(B)) on
Dcb .
For stability under the perverse truncation functors, we argue by induction on the dimension of
b
X. The result is clear if dimX = 0. In general, pick some A ∈ DwdR
(X, Qp ). It suﬃces to prove
p ≤0
b
that τ A ∈ DwdR (X, Qp ). We can assume X is reduced. Pick a smooth dense open j : U → X
on which A is lisse, with closed complement i : Z → X. Then p τ ≤0 A is defined iteratively by
consideration of the triangles
B → A → Rj∗ p τU>0 j ∗ A →
and
p ≤0

τ

A → B → i∗ p τZ>0 i∗ B → .

Since j ∗ A is lisse and U is smooth, τU>0 j ∗ A agrees up to shift with a standard truncation of j ∗ A,
and hence is weakly de Rham. Therefore Rj∗ p τU>0 j ∗ A is weakly de Rham, so B is weakly de Rham.
Then also p τZ>0 i∗ B is weakly de Rham by the induction hypothesis, so p τ ≤0 A is weakly de Rham
as desired.
For stability under intermediate extensions, let j : U → X be an open immersion with closed
complement i : Z → X, and let A ∈ Perv(U, Qp ) be any weakly de Rham perverse sheaf. The claim
now follows from the exact triangle
j!∗ A → Rj∗ A → i∗ p τZ≥0 i∗ Rj∗ A →
and the stabilities proved so far.
Finally, it remains to prove stability under perverse subquotients. For this we argue by induction
on dim X. Let A be a weakly de Rham perverse sheaf on X. Since the weak de Rham property can
be checked locally, we can assume X is aﬃne. By induction on the length of A, it suﬃces to prove
that any simple subobject B ⊂ A is weakly de Rham. We now divide into two cases.
Case 1. Bη ̸= 0 for some generic point η ∈ X.
Case 2. Bη = 0 for all generic points η ∈ X.
In case 1, we can find a smooth irreducible open subscheme j : U → X such that B|U and A|U
are (shifted) lisse Qp -sheaves and B ≃ j!∗ (B|U ). Since A|U is lisse and weakly de Rham and B|U is
a lisse subsheaf of A|U , B|U is also weakly de Rham, so then B is weakly de Rham by part ii.
In case 2, we can find a nowhere-dense closed subscheme i : Z → X with open complement
j : U → X such that B|U = 0, so i∗ B is perverse and B = i∗ i∗ B. We can assume that Z is
the vanishing locus of a non-zero-divisor f ∈ O(X). Let Ψuf : Perv(X − Z, Qp ) → Perv(Z, Qp )
and Φuf : Perv(X, Qp ) → Perv(Z, Qp ) be the associated unipotent nearby cycle and vanishing cycle
functors. These are exact functors, and for any C ∈ Perv(X, Qp ) there is a natural exact sequence
0 → p H−1 (i∗ C) → Ψuf j ∗ C → Φuf C → p H0 (i∗ C) → 0
(see [7] for these fundamental facts). We next observe that Ψuf and Φuf preserve weakly de Rham
perverse sheaves. For Ψuf this follows from [7, Corollary 3.2] and the stabilities already proved in
i.-ii., and for Φuf this follows from the result for Ψuf and the previous exact sequence. Returning to
the situation at hand, we see that B = i∗ i∗ B ≃ i∗ Φuf (B). On the other hand, Φuf (B) is a subobject
of Φuf (A) by exactness of Φuf , and Φuf (A) is weakly de Rham, so Φuf (B) is weakly de Rham by the
induction hypothesis.

3

2.2

Proofs of key propositions

Proof of Proposition 2.3. We argue by induction on dimY . When dimY = 0, the claim reduces
easily to the following theorem of Lan-Liu-Zhu [5, Theorem 1.1]: if U/K is a smooth variety and L
is a de Rham Qp -local system on U , then Hcn (UK , L) is a de Rham GK -representation.
b
For the induction step, let f : X → Y and A ∈ DwdR
(X, Qp ) be given. We can assume X
and Y are reduced. Fix a finite set of pairs {(Xi , Li )}i∈I where Xi ⊂ X is a smooth locally closed
subvariety and Li is a de Rham Qp -local system on Xi , such that A is built from the objects ji! Li
by finitely many shifts and cones. Here ji : Xi → X is the evident immersion. Write fi = f ◦ ji , so
Rf! A is built from the objects Rfi! Li by finitely many shifts and cones. It thus suﬃces to show that
each Rfi! Li is weakly de Rham. Since Xi is smooth and Y is reduced, there is a dense open Ui ⊂ Y
over which fi is smooth. Let Zi ⊂ Y be the closed complement. By the induction hypothesis,
(Rfi! Li )|Zi is weakly de Rham, so it suﬃces to show that (Rfi! Li )|Ui is weakly de Rham.
In other words, we’ve reduced to showing that if f : X → Y is smooth and L is a de Rham
Qp -local system on X, then Rf! L is weakly de Rham. By proper base change and the theorem
of Lan-Liu-Zhu quoted above, we see that for any n, the stalk of Rn f! L at any closed point x
n
is a de Rham GKx -representation. By [6, Theorem 1.5.(iii)], this
! implies that (R f! L)|Yi is a de
Rham Qp -local system for some constructible stratification Y = Yi . Therefore Rf! L is weakly de
Rham.

Proof of Proposition 2.1. Let D = X − U be the strict normal crossings divisor in question, with
irreducible components {Di }i∈I . We will argue by induction on |I|. To facilitate the argument,
it will actually be convenient to prove a slightly diﬀerent statement. Let us say L ∈ Dcb (X, Zp ) is
special if
a) the cohomology sheaves of L[ 1p ] ∈ Dcb (X, Qp ) are weakly de Rham Qp -local systems, and
b) the cohomology sheaves of L ⊗L Fp ∈ Dcb (X, Fp ) are constant after pullback to XK .
We are going to prove by induction on |I| that if L ∈ Dcb (U, Zp ) is special, then Rj∗ L[ 1p ] is weakly
de Rham. If |I| = 1, then D is smooth, and the claim follows from [3, Theorem 3.7.11] (and note
that we are only using condition a) here).
In general, it clearly suﬃces to show that (Rj∗ L[ 1p ])|Di is weakly de Rham for each i ∈ I. Set
j (i)

j(i)

U(i) = X − ∪j∈I!{i} Dj , so j : U → X factors as U → U(i) → X, and these maps fit into a diagram
U

j (i)

! U(i)
"

j(i)

!X
"
ai

bi

Vi

′
j(i)

! Di

where the square is cartesian. Note that the complement of U in U(i) is a smooth snc divisor, and
that the complement of Vi in Di is an snc divisor with |I| − 1 irreducible components. Then
(i)

(Rj∗ L)|Di = a∗i Rj(i)∗ Rj∗ L
(i)
′
∼
b∗i Rj∗ L
= Rj(i)∗

where the second isomorphism follows from [9, Lemma 3.7] and compatibility of the base change
(i)
map with reduction mod p. Moreover, [9, Lemma 3.7] shows that b∗i Rj∗ L satisfies condition b)
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(i)

above, while [3, Theorem 3.7.11] shows that it satisfies condition a). Therefore b∗i Rj∗ L is special,
(i)
′
so Rj(i)∗
b∗i Rj∗ L[ p1 ] is weakly de Rham by the induction hypothesis. This concludes the proof.
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